1. Introduction {#SEC1}
===============

Investigating the causal effect of a treatment on an outcome is often the primary interest in medical and social studies. While randomization is the gold standard in identifying treatment effects, often only observational data are available. A major challenge in observational studies is confounding, where the treatment and the outcome of interest are associated with other pretreatment variables, potentially leading to seriously biased estimation of average treatment effects. A simple method of dealing with confounding is local matching. Under conditional independence, the distribution of outcomes in a specific group behaves just like that of a random sample from the group while conditioning on values of confounding variables. Thus, a consistent estimator can be obtained by averaging the differences between groups over the distribution of confounding variables. [@B11] introduced a class of nonparametric imputation estimators that use local matching and showed that they are asymptotically efficient.
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}{}${n}^{1/2}$\end{document}$-consistent under regularity conditions, the remainder terms depend on their biases and variances. In particular, the variance increases with the number of confounders, so a balancing score vector with a smaller dimension is always preferred. According to [@B26], the propensity score is the coarsest balancing score, and also has the smallest dimension. However, [@B11] showed that projection onto the true propensity score can be inefficient. Another well-known balancing score is the prognostic score of [@B12]. [@B19]. further combined propensity and prognostic scores to improve the classical matching estimator of average treatment effects. Unfortunately, estimators based directly on propensity and prognostic scores often cannot attain the semiparametric efficiency bound. Hence, finding a suitable balancing score vector with high efficiency and minimal dimension is important in practice.

There are two approaches to reducing the dimension of the covariate vector while keeping as much information as possible about the relationship between response and covariates. The first is variable selection, in which the main goal is to drop redundant variables: [@B6] first defined some subsets of confounding variables which are minimal in the sense that the treatment ceases to be unconfounded for any proper subset of these sets; they also showed that these subsets can reduce the efficiency bound for average treatment effects. Related methods are discussed in [@B27]. Instead of using the total subset selection procedure, another method of variable selection is penalized regression. Since confoundedness resides in the conditional distribution of the potential outcomes and treatment variable, given confounders, [@B9] developed a lasso-type criterion to select redundant variables. The second approach is sufficient dimension reduction, which seeks a few linear combinations of confounders that retain the full information on confoundedness. In a related missing data problem, [@B14] introduced effective balancing scores, which are the central subspaces of missing indicators and observed responses, given covariates. While the estimation of average treatment effect can often be regarded as two missing data problems, applying this approach twice would yield two estimates of central subspaces that could be highly collinear.

In this paper, we introduce a joint sufficient dimension reduction model on the propensity score as well as the conditional distributions of potential outcomes, and use the joint central subspace to form a semiparametric efficient estimator of average treatment effects. No stringent parametric model formulation is assumed in the dimension reduction framework. Further, while classical dimension reduction methods consider models on the joint distribution of treatment and potential outcomes, our approach focuses on the marginal distributions and can yield a balancing score with smaller dimension. The exclusion restrictions used in [@B6] for efficiency gains are not required, but the semiparametric efficiency bound is retained by our estimator.

Several approaches to sufficient dimension reduction can be extended to this causal inference problem. In a complete-data setting, these approaches include inverse regression ([@B21]; [@B20]; [@B32]), average derivative and minimum average variance estimation ([@B33]; [@B29]; [@B28]; [@B31]), and the semiparametric framework ([@B22], [@B23]; [@B15]). Here we extend the work of [@B15] and construct a crossvalidation-type least squares criterion to estimate the structural dimension and the basis matrix simultaneously. The bandwidth used in the semparametric estimator of the unspecified link function can be selected using the same criterion and attains the optimal rate for estimating the conditional treatment effects. The proposed model is flexible and the average treatment effects can be estimated efficiently.

Although local matching using the propensity score may not be semiparametrically efficient, inverse propensity score weighting with estimated weights has been shown to be efficient ([@B13]), and many recent efforts have focused on improving the weighting estimators ([@B24]; [@B16]; [@B2]). In contrast to those estimators, our method provides a rate-optimal estimator of covariate-specific treatment effects, which is useful for personalized prediction and the study of heterogeneity.

2. Joint sufficient dimension reduction {#SEC2}
=======================================

2.1. Notation and model construction {#SEC2.1}
------------------------------------
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}{}${X}=(X_1,\dots,X_p)^{\mathrm{\scriptscriptstyle T} }$\end{document}$ is observed for each subject, and we make the following conditional independence assumption.

(Unconfounded treatment assignment). We have that $\documentclass[12pt]{minimal}
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This assumption is often made to identify the average treatment effect $\documentclass[12pt]{minimal}
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{\sigma_{eff}^{2} = E\,\left\lbrack {\{ m_{1}(X) - m_{0}(X) - \tau\}^{2} + \frac{\sigma_{1}^{2}(X)}{\pi(X)} + \frac{\sigma_{0}^{2}(X)}{1 - \pi(X)}} \right\rbrack\,,} \\
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}{}$B^{\mathrm{\scriptscriptstyle T} }{X}$\end{document}$ such that $$\begin{array}{r}
{T\bot\,\,\,\bot X \mid B^{T}X,\quad Y(0)\bot\,\,\,\bot X \mid B^{T}X,\quad Y(1)\bot\,\,\,\bot X \mid B^{T}X,} \\
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}{}$d_0$\end{document}$. The existence and uniqueness of the joint central subspace can be ensured under some mild conditions, similar to the discussion of [@B4] on sufficient dimension reduction for univariate responses.

Alternatively, based on the classical literature on sufficient dimension reduction, one can also consider the model $$\begin{array}{r}
{\{ T,Y(0),Y(1)\}\bot\,\,\,\bot X \mid B^{T}X,} \\
\end{array}$$ which is different from model ([1](#asx028M1){ref-type="disp-formula"}). In fact, $\documentclass[12pt]{minimal}
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{T\bot\,\,\,\bot\{ Y(0),Y(1)\} \mid B_{0}^{T}X,} \\
\end{matrix}$$ which ensures unbiased estimation of the average treatment effect. The main feature of this balancing score is that it creates both propensity and prognostic balance ([@B12]; [@B19]), and we will show in § [3](#SEC3){ref-type="sec"} that it attains the semiparametric efficiency bound in the estimation of $\documentclass[12pt]{minimal}
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Unlike sufficient dimension reduction tools such as sliced inverse regression ([@B21]), we do not require an additional linearity assumption on the covariate distribution.

Under model ([1](#asx028M1){ref-type="disp-formula"}), $\documentclass[12pt]{minimal}
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Since the main parameters of interest are means of potential outcomes, one could also consider the joint central mean subspace, which is the smallest linear subspace with basis matrix $\documentclass[12pt]{minimal}
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\end{array}$$

The corresponding method in a complete-data setting can be found in [@B5] and [@B30]. Note that the distribution $\documentclass[12pt]{minimal}
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2.2. Simultaneous estimation for the basis and dimension of the joint central subspace {#SEC2.2}
--------------------------------------------------------------------------------------

Here we develop an estimation criterion for the joint central subspace with a random sample $\documentclass[12pt]{minimal}
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*Under Assumption 1 and model ([1](#asx028M1){ref-type="disp-formula"})*, $$\begin{array}{cl}
{E\lbrack 1\{ Y(k) \leq y\} \mid X\rbrack} & {\, = E\{ 1(Y \leq y) \mid T = k,X\}} \\
 & {\, = E\{ 1(Y \leq y) \mid T = k,B_{0}^{T}X\}\quad(\, y \in \mathbb{R};\ k = 0,1)\text{.}} \\
\end{array}$$

The first equality in ([4](#asx028M4){ref-type="disp-formula"}) indicates that the regression problem can be solved by considering treatment and control groups separately. The second equality leads to a sieve approach for the estimation of the unknown link function. Let $$\begin{aligned}
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{\sigma_{0}^{2} + b_{0}^{2}(B) + {{MISE}_{B}(h) + C(B,h),}} \\
\end{array}$$ where $$\begin{array}{cl}
 & {\sigma_{0}^{2} = E\{\| Y_{y}^{0} - F(\, y \mid B_{0}^{T}X^{0})\|_{W^{0}}^{2}\},\quad b_{0}^{2}(B) = E\{\| F(\, y \mid B_{0}^{T}X^{0}) - F(\, y \mid B^{T}X^{0})\|_{W^{0}}^{2}\},} \\
 & {{MISE}_{B}(h) = E\{\| F(\, y \mid B^{T}X^{0}) - \hat{F}(\, y \mid B^{T}X^{0})\|_{W^{0}}^{2}\}\mspace{9mu},} \\
 & {C(B,h) = 2E\{\langle F(\, y \mid B_{0}^{T}X^{0}) - F(\, y \mid B^{T}X^{0}),F(\, y \mid B^{T}X^{0}) - \hat{F}(\, y \mid B^{T}X^{0})\rangle_{W^{0}}\}\text{.}} \\
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The proof of Proposition 2 is given in the [Supplementary Material](#sup1){ref-type="supplementary-material"}. According to Proposition 2 and the fact that the prediction risk is asymptotically convex in $\documentclass[12pt]{minimal}
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{{CV}(B,h) = \frac{1}{n}\sum\limits_{i = 1}^{n}\lbrack} & {\,\{ T_{i} - {\hat{\pi}}^{- i}(B^{T}X_{i})\}^{2}(1 - \overline{T})} \\
 & {\, + \sum\limits_{k = 0}^{1}T_{i}^{k}(1 - T_{i})^{1 - k}\int\{ 1(Y_{i} \leq y) - {\hat{F}}_{k}^{- i}(\, y \mid B^{T}X_{i})\}^{2}\, d{\hat{F}}_{Y}(\, y)\rbrack;} \\
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The proposed criterion selects the basis matrix and the structural dimension of the joint central subspace simultaneously, which is different from most existing sufficient dimension reduction methods such as inverse regression ([@B32]), minimum average variance estimation ([@B31]) and semiparametric approaches ([@B22], [@B23]). Moreover, the bandwidth chosen by this criterion is the rate-optimal bandwidth in terms of the mean integrated squared error, which will be further discussed in § [2.3](#SEC2.3){ref-type="sec"}.
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Grassmanian optimization algorithms in [@B7] and [@B1] can be used in Step 2 without fixing the reference variables a priori. Those algorithms are a modification of conventional gradient-based algorithms, which consider movements along geodesics based on a metric defined in the tangent space of the Grassmann manifold. Since the optimization is nonconvex, a reliable initial value is needed. We suggest using the kernel-based method of [@B8], as it is the fastest method known to date. That method is consistent but does not attain a $\documentclass[12pt]{minimal}
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}{}${n}^{1/2}$\end{document}$ convergence rate. Given this initial value, Step 2 can be implemented in a slightly different manner. The initial value could first be transformed into a local coordinate representation by Gaussian elimination, where the reference variables are chosen to be those with the largest columnwise coefficients in absolute value for numerical stability. Then the optimization can be performed with respect to free parameters in the Euclidean local coordinate system. We have compared these two methods and different initial values through simulations reported in the [Supplementary Material](#sup1){ref-type="supplementary-material"}, and found them to yield similar performance.

2.3. Estimation of conditional effects {#SEC2.3}
--------------------------------------

An important advantage of our proposed criterion is that it selects the bandwidth simultaneously with the estimation of the joint central subspace, and the selected bandwidth $\documentclass[12pt]{minimal}
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{\hat{E}\{ Y(k) \mid X = x\} = \frac{\sum\limits_{i = 1}^{n}Y_{i}T_{i}^{k}(1 - T_{i})^{1 - k}\mathcal{K}_{\hat{h}}\{{\hat{B}}^{T}(X_{i} - x)\}}{\sum\limits_{i = 1}^{n}T_{i}^{k}(1 - T_{i})^{1 - k}\mathcal{K}_{\hat{h}}\{{\hat{B}}^{T}(X_{i} - x)\}}\quad(k = 0,1)\text{.}} \\
\end{array}$$

At the dimension reduction stage, we suggest using at least a fourth-order kernel function to ensure the large-sample properties of the estimated joint central subspace, as discussed in Remark 5. However, in practice the negative weights of a higher-order kernel can be detrimental to the stability of the resulting estimators. One possible way to obtain a more stable estimate is by using a second-order kernel function in ([7](#asx028M7){ref-type="disp-formula"}) and substituting an adjusted bandwidth $\documentclass[12pt]{minimal}
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}{}$\hat{h}^\ast$\end{document}$ is optimal with respect to a mean integrated squared error based on a second-order kernel function. In our numerical experiments we have found that the finite-sample performance of ([7](#asx028M7){ref-type="disp-formula"}) is much better if a second-order kernel and an adjusted bandwidth have been used.

To estimate the variance of the estimated conditional effects, an infinitesimal jackknife estimator can be applied. The idea is to perturb the empirical weight $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$1/n$\end{document}$ in the original estimator by a small amount $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\varepsilon$\end{document}$ and then take $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\varepsilon\to 0$\end{document}$. More precisely, if we write $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\hat{E}\{Y(k)\mid{X}={x}\}$\end{document}$ as a function of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$n$\end{document}$ variables $$\begin{array}{r}
{Q_{k}(w_{1},\ldots,w_{n}) = \frac{\sum\limits_{i = 1}^{n}w_{i}Y_{i}T_{i}^{k}(1 - T_{i})^{1 - k}\mathcal{K}_{\hat{h}}\{{\hat{B}}^{T}(X_{i} - x)\}}{\sum\limits_{i = 1}^{n}w_{i}T_{i}^{k}(1 - T_{i})^{1 - k}\mathcal{K}_{\hat{h}}\{{\hat{B}}^{T}(X_{i} - x)\}}} \\
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The estimator ([7](#asx028M7){ref-type="disp-formula"}) can be extended to estimate $\documentclass[12pt]{minimal}
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{\hat{E}\lbrack g\{ Y(k)\} \mid X = x\rbrack = \frac{\sum\limits_{i = 1}^{n}g(Y_{i})T_{i}^{k}(1 - T_{i})^{1 - k}\mathcal{K}_{\hat{h}}\{{\hat{B}}^{T}(X_{i} - x)\}}{\sum\limits_{i = 1}^{n}T_{i}^{k}(1 - T_{i})^{1 - k}\mathcal{K}_{\hat{h}}\{{\hat{B}}^{T}(X_{i} - x)\}}\quad(k = 0,1)\text{.}} \\
\end{array}$$

Model ([1](#asx028M1){ref-type="disp-formula"}) guarantees that $\documentclass[12pt]{minimal}
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3. Efficient estimation of average treatment effects {#SEC3}
====================================================

3.1. Semiparametric efficiency bound and the efficient estimator {#SEC3.1}
----------------------------------------------------------------
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*Under model ([1](#asx028M1){ref-type="disp-formula"}), the semiparametric efficiency bound of $\documentclass[12pt]{minimal}
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According to [@B26] and [@B12], the average treatment effects $\documentclass[12pt]{minimal}
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Although the estimator of the average treatment effect is an average of conditional treatment effects, one requires a different bandwidth to attain optimal undersmoothing. We first provide the asymptotic distribution of the proposed estimator for a range of bandwidths satisfying Condition A6 in the [Supplementary Material](#sup1){ref-type="supplementary-material"}; then a data-adaptive method for choosing the bandwidth is discussed in § [3.2](#SEC3.2){ref-type="sec"}.

*Suppose that Assumption (1) and Conditions A1--A6 in the [Supplementary Material](#sup1){ref-type="supplementary-material"} are satisfied. Then $\documentclass[12pt]{minimal}
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In practice, the semiparametric efficiency bound can be estimated by a direct plug-in estimator $$\begin{array}{r}
{{\hat{\sigma}}_{eff}^{2} = \frac{1}{n}\sum\limits_{i = 1}^{n}\left\lbrack {\{{\hat{m}}_{1}({\hat{B}}^{T}X_{i}) - {\hat{m}}_{0}({\hat{B}}^{T}X_{i}) - \hat{\tau}\}^{2} + \frac{{\hat{\sigma}}_{1}^{2}({\hat{B}}^{T}X_{i})}{\hat{\pi}({\hat{B}}^{T}X_{i})} + \frac{{\hat{\sigma}}_{0}^{2}({\hat{B}}^{T}X_{i})}{1 - \hat{\pi}({\hat{B}}^{T}X_{i})}} \right\rbrack} \\
\end{array}$$ where $$\begin{array}{r}
{{\hat{\sigma}}_{k}^{2}(B^{T}x) = \frac{\sum\limits_{i = 1}^{n}T_{i}^{k}(1 - T_{i})^{k}Y_{i}^{2}K_{\varsigma}\{ B^{T}(X_{i} - x)\}}{\sum\limits_{i = 1}^{n}T_{i}^{k}(1 - T_{i})^{k}K_{\varsigma}\{ B^{T}(X_{i} - x)\}} - {\hat{m}}_{k}^{2}(B^{T}x)\quad(k = 0,1)\text{.}} \\
\end{array}$$
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}{}$\hat{\tau}$\end{document}$ can be constructed in the spirit of [@B3]. Since the potential outcomes are only partially unobservable, [@B3] suggested imputing an unobserved value with its conditional expectation. More precisely, the estimator is $$\begin{array}{r}
{\frac{1}{n}\sum\limits_{i = 1}^{n}(\lbrack T_{i}Y_{i} + (1 - T_{i}){\hat{m}}_{1}\{ b(X_{i})\}\rbrack - \lbrack(1 - T_{i})Y_{i} + T_{i}{\hat{m}}_{0}\{ b(X_{i})\}\rbrack)\text{.}} \\
\end{array}$$

By paralleling the proof of [@B3], one can show that the asymptotic distribution of this estimator is the same as that of $\documentclass[12pt]{minimal}
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3.2. Bandwidth selection {#SEC3.2}
------------------------

As indicated in Theorem 3, the bandwidth $\documentclass[12pt]{minimal}
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}{}$\hat{\tau}$\end{document}$, which is of the form $$\begin{array}{r}
{E\left( {\left\lbrack {\hat{\tau} - \frac{1}{n}\sum\limits_{i = 1}^{n}\{ m_{1}(B_{0}^{T}X_{i}) - m_{0}(B_{0}^{T}X_{i})\}} \right\rbrack^{2}| X_{1},\ldots,X_{n}} \right)\text{.}} \\
\end{array}$$

In our simulation experiments we have found that the bandwidth $\documentclass[12pt]{minimal}
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{E\left\lbrack {\left\{ {\frac{1}{n}\sum\limits_{i = 1}^{n}{\hat{m}}_{k}(B_{0}^{T}X_{i}) - \frac{1}{n}\sum\limits_{i = 1}^{n}m_{k}(B_{0}^{T}X_{i})} \right\}^{2}| X_{1},\ldots,X_{n}} \right\rbrack\quad(k = 0,1)} \\
\end{array}$$ leads to a slightly better estimator for $\documentclass[12pt]{minimal}
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}{}$\tau$\end{document}$. The main difference is that [@B10] used a local linear regression instead of a Nadaraya--Watson estimator to estimate the conditional effects. Since we directly adopt the local constant smoothing estimator and the estimated optimal bandwidth in the dimension reduction stage, a separate criterion might be helpful for alleviating the boundary effects of the Nadaraya--Watson estimator. Following the proof of [@B10], we can show that ([9](#asx028M9){ref-type="disp-formula"}) is asymptotically equivalent to $$\begin{array}{cl}
 & {\frac{1}{n}\int\frac{\sigma_{k}^{2}(B_{0}^{T}x)f_{X}(x)}{\pi^{k}(B_{0}^{T}x)\{ 1 - \pi(B_{0}^{T}x)\}^{1 - k}}\, dx + \frac{\sigma_{K}^{2}}{n^{2}\varsigma^{d_{0}}}\int\frac{\sigma_{k}^{2}(B_{0}^{T}x)}{\pi^{k}(B_{0}^{T}x)\{ 1 - \pi(B_{0}^{T}x)\}^{1 - k}}\, dx} \\
 & {\,\quad + \,\varsigma^{2q}\left( \frac{\mu_{q,K}}{q!} \right)^{2}\left( {\int\frac{D_{B^{T}x}^{q}\lbrack m_{k}(B_{0}^{T}x)\pi^{k}(B_{0}^{T}x)\{ 1 - \pi(B_{0}^{T}x)\}^{1 - k}f_{B_{0}^{T}X}(B_{0}^{T}x)\rbrack}{\pi^{k}(B_{0}^{T}x)\{ 1 - \pi(B_{0}^{T}x)\}^{1 - k}}} \right.\,} \\
 & {\quad\left. \,{- \,\frac{m_{k}(B_{0}^{T}x)D_{B^{T}x}^{q}\lbrack\pi^{k}(B_{0}^{T}x)\{ 1 - \pi(B_{0}^{T}x)\}^{1 - k}f_{B_{0}^{T}X}(B_{0}^{T}x)\rbrack}{\pi^{k}(B_{0}^{T}x)\{ 1 - \pi(B_{0}^{T}x)\}^{1 - k}}\,(1_{d},\ldots,1_{d})\, dx} \right)^{2},} \\
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4. Application {#SEC4}
==============

In this section, we demonstrate our proposed method by applying it to the 2007--2008 National Health and Nutrition Examination Survey, the main goal of which was to investigate the health and nutrition statuses of children and adults in the United States. We focus on a subset of the data ([@B18]) and study whether participation in the National School Lunch or School Breakfast programme would lead to an increase in body mass index for children and youths aged 4 to 17. The dataset contains 2330 children and youths, of whom 1284, 55%, participated in the school meal programme. The covariates are child age, $\documentclass[12pt]{minimal}
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The estimated structural dimension of the joint central subspace is 1 and the estimated linear index is shown in {[Table 1](#T1){ref-type="table"}. Based on this balancing score, the estimated average difference in body mass index between participants and nonparticipants is $\documentclass[12pt]{minimal}
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}{}$-0{\cdot}127, 0{\cdot}721$\end{document}$) indicates an insignificant difference in body mass index between participants and nonparticipants, which is consistent with the conclusion that [@B2] reached through weighting estimators. Therefore, participation in the school meal programme does not seem to be correlated with excessive food consumption.
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[Figure 1](#F1){ref-type="fig"} plots the estimated difference in body mass index between the two groups as a function of the estimated linear index. The standard errors are obtained using the infinitesimal jackknife. In general, the difference in average body mass index between the two groups is insignificant. However, the participants tend to have slightly higher body mass index than non-participants when the linear index lies between 40 to 50, which is a reason behind the slightly positive average treatment effects.

![Estimated difference in body mass index between participants and nonparticipants of the school meal programme plotted against the estimated linear index for the 2007--2008 National Health and Nutrition Examination Survey data. The solid line represents the estimated conditional effects and the dashed lines represent pointwise 95% confidence limits.](asx028f1){#F1}

5. Discussion {#SEC5}
=============

Recently [@B23] introduced an efficient estimating equation, which is obtained through a likelihood approach, to achieve the semiparametric efficiency bound of the central subspace. However, the efficiency bound is derived under a fixed dimension and, in practice, the true structural dimension is unknown. Our proposed estimator estimates the structural dimension and the basis matrix simultaneously.

In observational studies, continuous treatments or exposures are also common. In the literature, a generalized propensity score has been introduced to estimate continuous treatment effects; see, for example, [@B17]. Since our proposed model can adapt the propensity and outcome regression jointly, it would be interesting to extend this modelling approach to continuous treatment regimes.
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